Let T be a locally compact subset of R and C 0 (T) the space of continuous function which vanish at infinity. An n dimensional subspace G of C Q (T) may possess one of the three alternation properties:
(A-l) For each fe C 0 (T) which has a unique best approximation g 0 € G, f -g 0 has n + 1 alternating peak points; (A-2) For each feC 0 (T), there exists a best approximation g 0 e G to / such that f-g 0 has n + 1 alternating peak points; (A-3) For each feC 0 (T) and each best approximation go e G to /, / -g 0 has n + 1 alternating peak points.
In this paper, for each i e {1, 2, 3} we give an intrinsic characterization of those subspaces G of C 0 (t) which have property (A-i).
1* Introduction* The classical alternation theorem states that if G is an n dimensional Chebyshev subspace of C [α, δ] , then for each f eC [a, b] and its unique best approximation g 0 e G, the error f -g 0 has n + 1 alternating peak points. It is natural to ask whether such a result remains valid if we replace C [a, b] by C(T), where T is an arbitrary compact subset of the real line R or, more generally, by CO(JΓ) , where T is any locally compact subset of R. [Here C 0 (T) denotes the Banach space of all real-valued contionuous functions / on T "vanishing at infinity" (i.e., {t e T\ \f(t)\ ^ ε} is compact for each ε > 0), and endowed with the supremum norm: ||/|| = sup ίe τΊ/(ί)|. When T is actually compact, we often write C(T) for C 0 (Γ).] And if such a result is not valid, characterize those n dimensional subspaces G of G Q (T) for which the result does hold.
Properties (A-l) and (A-2) above, in the special case T = [α, 6] , have been considered by Jones and Karlovitz [6] who proved that an n dimensional subspace G of C [a, b] has property (A-l) if and only if G has property (A-2) if and only if G is "weak Chebyshev" (i.e. G has property (W-4) defined below). Furthermore, Handscomb, Mayers, and Powell [5; Theorem 8] showed that an n dimensional subspace G of C [a, b] has property (A-3) (if and) only if G is a Chebyshev subspace. (The "if" part is just the classical alternation theorem.)
In this paper, for each i e {1, 2, 3}, we give intrinsic characterizations of theose subspaces G of C 0 (T) which have property (A-i).
It turns out that, contrary to the case when T - [a, b] , properties (A-l) and (A-2) are not the same in general; and property (A-3) does not characterize Chebyshev subspaces. In giving our characterizations of the alternation properties, the following kinds of "weak Chebyshev" subspaces play the major role. (In the definition below, the letter "W" is an abbreviation for "weak Chebyshev".) DEFINITION 1.1. An n dimensional subspace G of C 0 (T) is said have property (W-l). If for each 1 <; m ^ n and each set of points -<*> = t 0 < t x < < t m -x <t m = co with t t e T(i = 1, 2, , m -1), there exists 0 Φ g e G such that (-l)'ff(ί) ^ 0 for all t e [t i9 ί <+1 ) f)T (i = 0, 1, -, m -1) (W-l'). If it satisfies the condition of property (W-l) only for m = n; (W-2) . If for each 1 ^ m <; n and each set of points -co = ί 0 < ίi < < *"»-! < t m -co with t, e Γ (i = 1, 2, , m -1), there exists 0 Φ g e G such that
(-lYg(t) ^ 0 for t e [t t9 t i+1 ] n Γ (i = 0, 1,
, m -1) (W-2') If it satisfies the condition of property (W-2) only for ra = n; (W-3) . If for each basis {g lf g 2f --f g n } of G and each set of points t x < t z < t Λ and ^ < s 2 (W-4). If each geG has at most n -1 sign changes, i.e., there do not exist n + 1 points < x < ί 2 < < t n+1 in T with g(ti)g(t i+1 ) < 0
In §2, we study the various relationships between these weak Chebyshev properties. The main result here is Lemma 2.2. In §3, we establish that property (A-l) is equivalent to property (W-l) (Theorem 3.1). In §4, we prove that property (A-2) is equivalent to each of the (equivalent) properties (W-2), (W-2'), (W-3), and (W-4) (Theorem 4.1). In §5, we show that property (A-3) is equivalent to G being Chebyshev and having one of the equivalent properties (W-2), WEAK CHEBYSHEV SUBSPACES AND ALTERNATION 11 (W-2'), (W-3), and (W-4) (Theorem 5.1). This allows us to give an example (Example 5.4) showing that the Handscomb, Mayers, and Powell characterization of Chebyshev subspaces is not valid in general if T is not an interval. In §6, we give some examples of weak Chebyshev subspaces which are not Chebyshev. In §7, we characterize the n dimensional Chebyshev subspaces of C 0 (T) for certain locally compact Hausdorff spaces T (including T metric, but not necessarily a subset of R).
It is worth mentioning here the motivation for the original use of the term "weak Chebyshev". Recall the classical result that an n dimensional subspace G of C [a, b] We conclude the introduction by recalling some basic terminology and notation. A best approximation to feC 0 (T) from G is any element g Q eG such that ||/ -g o \\ = inf ff6 <? 11/ -g\\. The set of all best approximations to / from G will be denoted by
An n dimensional subspace G of C Q (T) is called a Haar subspace if 0 is the only element of G having n (or more) zeros in T. It is well known (at least when T is compact) that G is a Haar subspace if and only if it is Chebyshev. A peak point for f eC 0 (T) is any teT with | f(t)| = ||/1|. (This differs from what many authors call "peak points".) A set of points t λ < t 2 < < t k in T are called alternating peak points for / if each << is a peak point of / and the /(«,) alternate in sign, i.e., /(«,) = σ (-iy\\f\\(i = 1, 2, , k) for some σe{-1,1}. By an interval in R, we shall mean any set of the form (α, δ), (α, 6] , [α, 6), or [a, 6] , where -oo<;α<δ<:oo an( j a = -oo or ί)=co is possible on the open end. Note that every interval in R is locally compact.
Throughout this paper, unless explicitly stated otherwise, we assume that n is some arbitrary but fixed positive integer and T is a locally compact subset of R which contains at least n + 1 points.
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FRANK DEUTSCH, GUNTER NURENBERGER AND IVAN SINGER 2* Weak Chebyshev subspaces* We shall use the following topological result [1] (I. 9.7. Propositions 12 and 13, and I. 3.3, Proposition 5 Summarizing, each f eC 0 (T) can be extended to a unique function feC Q (IT) defined by / = 0 on T\T and / is linear on each of the disjoint open subintervals whose union is IT\T. In the sequel, the notation / will be reserved for this unique extension of / to all of IT, and we let G = {g \ g e G) denote the extension of the corresponding subspace G. LEMMA 
Let G be an n dimensional subspace of C 0 (T). Consider the following statements:
(1) G has property (W-l); (1') G has property (W-l'); (2) G has property (W-2); (2') G has property (W-2'); (3) G has property (W-3); ( 4 ) G has property (W-4).
=~ (2) and
In the case n = 1, all the properties are equivalent to the existence of a nonzero function g eG with g(t) ^ 0 for all t e T.
Proof. The last statement is obvious as are the implications (2) -(2') and (2) => (1) 
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Note that (2) 
, and α n = oo. By property (W-2'), there exists 0 Φ v k eG such that (-l)X(ίc) ^ 0 for all x e [x u x i+1 ] n Γ (ΐ = 0, 1, , n -1). In particular, v k (8 t ) = 0 for all i Φ k and ( -l)*-i Vt ( βt ) g> 0. Since fa^, w 2 , * ,^} is a basis for G, it follows using eq. (2) By a repeated application of this argument, we obtain that Thus G has property (W-3). At this point it is convenient to isolate some useful facts which will simplify the proof of Lemma 2.2 and are of independent interest.
Proof of Claim 1. If G has property (W-3)(resp. (W-4)) in C 0 (JΓ), then the restriction G = G \ τ obviously has property (W-3) (resp. (W-4)) in C 0 (Γ).
Next suppose G has property (W-3) in C 0 (Γ But this contradicts G having property (W-3). Thus G must have property (W-3) in C 0 (IΓ). Now let G have property (W-4) in C 0 (Γ). If G fails to have property (W-4) in C 0 (IT), there exist g eG and points ?Ί < ? 2 < < t n in /Γ such that g(t t )g(t i+1 ) < 0 (i = 1, 2, .., n). If all ^ are in T, then the function gr = g\ τ eG satisfies 1 )< 0 (i = l,2, .-,*ι) which contradicts G having property (W-4) in C 0 (T). Thus let k be the smallest index such that t k ίT and set t t = ^ e Γ for i = 1, 2, , fc -1. Since ^ = 0 on f \Γ, ? fc e JΓ\f so ? fc e I m for some open interval J m . We may assume g(t k ) < 0. By the same argument as in the above proof of the implication "G has (W-3) => G has (W-3)", we obtain a point t k eT such that <i < ί* < * < t k < t k+ι < < F H+1
and g(t k ) < 0. Continuing in this way with t k+ί , ••>?*+!, we obtain points t x < t 2 < < t n+1 in T such that
where # = g^eG. But this contradicts G having property (W-4) in Co(Γ).
CLAIM 2. Let / be an interval in R, H an n dimensional subspace of COCO, and (J ά ) an increasing sequence of compact intervals such that I -\Jΐ I, and H\ Iι is n dimensional. Then, for any given ie
Conversely, suppose first that H\ IQ has property (W-2') in
, n -1). Choose g k eH such that /^ = ί/J^ and let g be a cluster point of the sequence (g k /\\9k\\)' Then geH\{0} and
, n -1). Thus H has property (W-2') in C 0 (I). The proof of the implication "<=" in the case when ί = 1, 1', or 2 is similar to the case i = 2' proved above.
Next, assume that H\ Iβ has property (W-4) in C Q (I S ) for each j. If H fails to have property (W-4) in C 0 (7), there exist points t x < < 2 < < *» in ί and fc e iϊ such that The proof of the implication "<=" in the case when ί = 3 is similar to the above proof when i = 4. CLAIM 3. Let I be an interval in R and iϊ an n dimensional subspace of C o (/). Then H has one of the properties (W-2'), (W-3), or (W-4) <=> H has them all.
Proof of Claim 3. There exists an increasing sequence of compact intervals (J y ) such that I -UΓ/y and H\ Iχ is n dimensional. By Jones-Karlovitz [6] , H\ Iά has one of the properties (W-2'), (W-3), or (W-4) in C ύ {Ij) <=^H\ Ij has them all. The result now follows from Claim 2. CLAIM 4. Let / be an interval in R and H an n dimensional subspace of C 0 (J). Then H has property (W-2') <=* H has property (W-2).
Proof of Claim 4. The implication "<=" is obvious. Thus assume H has property (W-2') Let 1 <; m <^ n and -°° -t 0 < t x < < ί m _ x < t m = oo with ti 6 / (i -1, 2, , m -1). We may assme m <n. If i m _ x < sup/, choose points *<*> < t^+ 1 , m -1). Hence H has property (W -2). We can now easily complete the proof of Lemma 2.2.
We show that (1) ^> (2) and (Γ) =^> (1) in examples below. This completes the proof.
The proof of the implication (2') => (3) is an obvious modification of the proof given in [6] for the special case T = [α, 6] . The implications (2') => (3) ^=> (4) have been verified independently by Zielke [10] using a different argument, and in the more general setting with G any n dimensional subspace of R τ : the set of all real-valued functions on T, where T is any subset of R.
The following two examples show that the the implications (1) => (2) and (Γ) => (1) 
It is easy to see that there is no g Φ 0 in G such that g ^ 0.
Thus G fails (W-1). To see that G has property (W-Γ), we show that for each pair of points t t < t 2 in Γ, there is a nonzero # e G such that (-iYg(t) ^ 0 for all ί e [< t , ί <+1 )n Γ (i = 0, 1, 2) (where ί 0 = -oo and t 8 = °°) We list all the possible choices of t λ < t 2 and the corresponding g below. If {t l9 t 2 } = {1, 2}, {1, 3}, or {1, 4}, take g = -g x . If {t l9 Q = {2, 3} or {2, 4}, take g = g 1 -g 2 . If fe, ί 2 } = {3, 4}, take 9 = ~^3. 2»4 Example of a subspace having property (W-1) but not (W-2) Let T be the set of natural numbers and let G -span {g l9 g 2 ] c C 0 (Γ)( = c 0 ), where & = δ 2 , g 2 = δ 2 -δ Bf and δ έ (i) = 1 if i = i, 0 otherwise. It is easy to check that G has property (W-1). However, the function g -g 1 -g 2 has two sign changes so G fails (W-4). By Lemma 2.2,
Under certain conditions on T (e.g., if T is an interval or if T is unbounded), the properties (W-1) and (W-1') are equivalent. This is the content of the following result. PROPOSITION 
Suppose that either T is unbounded or inf T or sup T is an accumulation point of T (in R). Then an n dimensional subspace G of C 0 (T) has property (W-1) <=* it has property (W-l')
Proof By Lemma 2.2 it suffices to verify that (W-Γ) => (W-1). Let G have property (W-Γ). If sup T is an accumulation point of T or if sup T = °°, then the same proof as given in Claim 4 of Lemma 2.2 shows that G has property (W-1). If inf T is an accumulation point of T or if inf T --°°, a similar proof works.
We next give a condition which insures that property (W-1) is equivalent to (W-2). DEFINITION 
A function δ: T-> R is called a delta function if δ is the characteristic function of a point in T. That is, for some
t 0 e Γ, δ -X t09 where χ to (t) = 0 if t Φ t 0 and χ to (t o 
Since a delta function χ tQ is continuous iff t 0 is an isolated point of T, C 0 (T) contains delta functions iff T contains isolated points. Case 2. t, < sup Γ. Let τ -inf {t e T\t > ίj. Then t, ^ τ ^ ί 2 . We consider three subcases.
z -ί 1#
Choose a sequence (r y ) in T, t λ < r y < ί 2 , such that τ ό -> t t = r.
Set t^> = ti if iΦl
and «{' > = r y . Choose g^eG, \\g {j) \\ = 1, such that (-W^ί) ^ 0 for all t e [t ( j\ tίίJ n Γ (i = 0, 1, , m -1). Let r 0 be a cluster point of the sequence (g (j) ). Proof. Since / contains no isolated point, C o (/) contains no delta function. If / were bounded, then both sup / and inf / would be accumulation points of /. The result now follows by Lemma 2.2, Proposition 2.5, and Proposition 2.7.
We note that when I is an interval, the equivalent properties (W-l), (W-l'), (W-2), and (W-2') simplify somewhat. For example, if / is a bounded interval and a = inf (/), b -sup (/), then an n dimensional subspace G of C o (/) has property (W-2') iff for each set of points a = t o <t 1 < ... < ί.-t < ί» = 6 ,.
there exists g 6 G\{0} such that (-l)'flr(ί) SO for all ίe[t <f ί <+1 ]
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3* A characterization o£ property (A-l)* THEOREM 3.1. Let G be an n dimensional subspace of C 0 (T). The following statements are equivalent:
(1) G has property (W-l);
(2) For each feC 0 (T) which has a unique best approximation Qo^G, f -g Q has at least n + 1 alternating peak points', (3) Each feC 0 (T) which has 0 as its unique best approximation in G must have at least n + 1 alternating peak points.
REMARK. In particular, if G is "very non-Chebyshev" (i.e., each feC 0 (T)\G has more than one best approximation in G), then G has property (W-l). (2) . Suppose G has property (W-l). Fix any /e C 0 (Γ) with P G {f) = {g 0 } a singleton. If / = g 0 , any n + 1 points in T work. Thus we assume / Φ g 0 . Choose a compact set K in T so that
Proof. (l)=>
\(f-9>){t)\<\\\f-g,\\
for all teT\K.
We define a set of points in T inductively as follows. Let
We may assume (/ -fjr o )(*i) = \\f -g Q \\. Having chosen t i9 we set
Now either this procedure yields w + 1 points ^ (which clearly satisfy ( -l) i+1 (/ -g o )(fi) = 11/ -0oII) an d we are done, or this process ends withmpoints t i9 l^m^n (i.e., the set ϋΓΠ[t m , oo)n{ί 6 Γ|(/-0 O )(<) = -(/ ~ 0o)(O} is empty). Thus we assume the latter case. Set 2 0 = ~ °° an( i ^m -°° If m > 1 we define additional z t as follows: for each ί = 1, 2, , m -1, set
It follows that t t <Ξ •« 1 < t <+1 and sõ °o = 2 0 < 2 X < < ^m_j < 2; m = oo . 
Thus |(/ -βr 0 -flr)(ί)| ^ ||/ -flr o || implies that ||/ -g 0 -g\\ £ \\f-g o \\ and hence g Q + g e P G (f) = {# 0 }> a contradiction. 
, if T is an interval), and if G is a Chebyshev subspace, then the above statements are equivalent to (4) G has property (W-l') (c) // T is an interval and G is a Chebyshev subspace, then G has all of the weak Chebyshev properties (W-l), (W-l'), (W-2), (W-2'), (W-3), and (W-4).
Proof. The proof of (a) follows from Theorem 3.1, Lemma 2.2, and Proposition 2.7.
The proof of (b) follows from part (a) and Proposition 2.5.
To prove (c), let T be an interval and G a Chebyshev subspace. Then for each / e C 0 (Γ), / -P G (f) has n + 1 alternating peak points. (This follows, essentially, by a result of Bram [2] . It can also be deduced just as Remez did in the classical case T - [α, 6] ; see e.g., [8] .) The result now follows from (b).
There seems to be a commonly held belief that statement (2) Assume first that T is a compact interval [α, &] . Then the result follows from Jones-Karlovitz [6] . Next let T be an arbitrary interval. Then there is an increasing sequence of compact intervals T k such that UΓ T k = T. For k sufficiently large, G\ T]e will be n dimensional and we assume this to be the case. Set G k = G\ Tk . Then each G k has property (W-4) (in C 0 (T)\ Tle czC(T k )) since G does. By the first part, there exist h k eP Gk (f\ Tk ) and n + 1 points t kχ < t k% < < t kt%+1 in T k such that 
On the other hand, we can choose ί 0 6 Γ such that | (/ -g o )(t o ) \ = 11/ -ft 11 Since UΓ T k = T and the T fc are increasing, we have
Thus for all ft sufficiently large,
Hence ||/ -Λ*|| t -> ||/ -ft||. Thus for i -1, 2, .. , n + 1,
and hence
for & sufficiently large. Since K is compact, by passing to a subsequence, we may assume that £ M -> ί, e Γ (i = 1, 2, " ,n + l). By passing to the limit in eq. (1), (-W -flr o )(ί,) -11/ -f7oll (i = 1, 2, • , w + 1) , and t, < t 2 < -< ί n+1 . If ^o ί iW), then for any g e P G (f) we obtain l(/-flθ(*«)l<ll/-0oll and
, n + 1. Thus g -g 0 has w sign changes, contradicting property (W-4). This shows that g o eP G (f) and proves the result when T is any interval.
Finally, let T be any locally compact subset of R. Let IT, /e C 0 (IT), and G be as described prior to Lemma 2.2. Since G has property (W-4) and since each geG is linear, hence monotonic, on each interval in IT\T, G also has property (W
-4). Fix any / e C Q (T)\G. Then feC 0 (IT)\G
and by the result proved for intervals there exist g o ePQ (f) and points t ι < t\ < < t n+1 in IT such that
for some σe{ -1, 1}.
Claim.
We may assume ?< 6 Γ (i = 1, 2, , w + 1). If ?< e Γ, set << = ?<. If some ^ ί Γ, then (since f-g o = O on ?\Γ) ?< is in one of the disjoint open intervals I m whose union is IT\T. But / -^o is linear on each such subinterval and |(/-3 0 )(ti)\ = 11/-SOWIT imply that f -g Q is constant on J m . We then replace t t with either one of the endpoints t t of I m . Clearly, the resulting t 4 e Γ, ί 2 < ί 2 < ... < t n+1 , and
which proves the claim.
Since \\f-g o \\iτ^ \\?-9\\iτ for all geG and since ||Λ|| /Γ = ||λ|| for every heC 0 (T) (because h is linear on each of the subintervals whose union is IT\T), it follows that \\f -g o \\ ^ \\f -g\\ for all geG.
That is, g 0 e P G {f), and using the claim,
(2) => (1). Suppose (2) holds. We will show that G has property (W-2') We first prove the
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Claim.
For each set of points -oo = t 0 < t λ < < t n = oo, with t t e T (i = 1, 2, , n -1), there exists gr e G\{0} such that (i = 0, 1, , n) and functions f N e C 0 (T) exactly as in the proof of the implication (3) => (1) We next show that for each set of points -<^ = t 0 < t x < < £*_. _! < t n -co, with t t 6 Γ (i = 1, 2, , n -1), and each integer fc, with 1 <; & ^ ^ -1, there exists g k e G\{0} such that (1) G has any one of the equivalent properties (W-l), (W-l'), (W-2), (W-2'), (W-3), or (W-4);
(2 ) For each f e C o (/), there exists g Q e P G (f) such that f -g Q has at least n + 1 alternating peak points; ( 3) For each f e C 0 (I) which has a unique best approximation Qo e G, f -#0 has at least n + 1 alternation peak points; ( 4 ) Each f e C 0 (I) with P G {f) -{0} has at least n + 1 alternating peak points.
Proof. Corollary 2.9, Theorem 3.1, and Theorem 4.1.
In the particular case when I is the compact interval [a, 6] , the equivalence of properties (W-2'), (W-3), (W-4), (A-l), and (A-2) was first proved by Jones-Karlovitz [6] . for all t Φ t t (see e.g., [3; Cor. 4.2, p. 148] ). Let z = Σ?^/*. Then But f -g 0 has only w peak points (viz. the set T o ). This contradiction to (2) shows that G must be Chebyshev.
In a result related to Theorem 5.1, Gopinath and Eurshan [4] essentially proved that an n dimensional subspace G of C 0 (T) is Chebyshev and has property (W-4) <=* it has the property (G -K): For each set of points -co = t Q < t λ < '
• < t n _ x <t n =°o with t t e T (ί -1, 2, , n -1), there exists geG such that (1) G is Chebyshev; (2 ) For each f e C 0 (I) and each g 0 e P σ (f), f -g 0 has at least n + 1 alternating peak points; ( 3 ) For each f e C o (/) and each g 0 e P G (f), f -0o has at least n + 1 pβαfc points.
Proof. (1)=> (2) . By Corollary 3.2(c) , G has all the weak Chebyshev properties so the result follows from Theorem 5.1.
(2) => (3) is obvious.
(3)=» (1) . This follows exactly as in the proof of (2) => (1) [a, b] , is just the classical alternation theorem. Also, when / = [α, δ], the implication (2) => (1) was proved by Handscomb, Mayers, and Powell [5] . We now show that implication (1) 
where
S m>k is the n = m + k + 1 dimensional subspace of C [a, b] known as "the polynomial splines of degree m with k fixed knots." It is known (see e.g., [7] , p. 18) that S m , k has property (W-3), and thus by Corollary 4.2 has all of the weak Chebyshev properties (W-i) (i = 1, Γ, 2, 2', 3, and 4) as well as the alternation properties (A-l) and (A-2).
(Weighted Polynomial Splines)
. The example in (1) can be modified as follows. Let T = R and k points s x < s 2 < < s k in T be given. Let w 6 C 0 (T) be any positive function such that w p e C Q (T) for any polynomial p (e.g., w(t) = β~< 2 ). Then the n Ξ= m + k + 1 dimensional subspace where S m>k is defined as in 6.1, obviously has property (W-3) since S mΛ does. Thus by Corollary 4.2, S°m, k has all the Chebyshev properties (W-i) (i = 1, 1', 2, 2', 3, and 4) and the alternation properties (A-l) and (A-2).
6.3. (Weighted Chebyshev subspace). Let T -I be any interval in R and P any n dimensional Chebyshev subspace of C 0 (T). Let weC 0 (T) be any nonnegative function which does not vanish identically, and set
G = {wp\peP) .
Then since P is Chebyshev, it follows that G is an n dimensional subspace of C Q (T) having property (W-3), and hence, by Corollary 4.2, all the weak Chebyshev properties (W-i) (i = 1, Γ, 2, 2', 3, and 4) as well as the alternation properties (A-l) and (A-2).
6.4. Let T = N denote the set of natural numbers (so C 0 (T) = c 0 ) and let any n points k γ < k 2 < < k n in T be given. Define g t e c Q by if t = k t 0 otherwise (ΐ = 1, 2, , n). Then G = span{^, g 2 , , g n } is an n dimensional subspace of c 0 which is easily seen to have properties (W-l) and (W-2). Thus by Proposition 2.5, Lemma 2.2, and Theorems 3.1 and 4.1, G has all the weak Chebyshev properties (W-i) (ί = 1, 1', 2, 2', 3, and 4) and the alternation properties (A-l) and (A-2).
We note that none of the above four examples is a Chebyshev subspace in general.
7.
A generalization* We can give the following generalization of the equivalence (1) <=> (3) of Corollary 5.2. In particular, it provides another characterization of Chebyshev subspaces in C Q (T) for certain T (including T metric). However, unlike Haar's characterization concerning the number of zeros of elements of the subspace, our characterization is not intrinsic. The proof of the implication (2) => (1) is similar to the proof of the implication (2) => (1) of Theorem 5.1. The implication (1) => (2) is well-known and due, for compact T, to Remez (see e.g., [8] ).
It is worth noticing that this characterization of Chebyshev spaces is no longer valid in general if both the conditions on T and G (viz. (i) each point of T be a G δ , and (ii) each nonzero element of G have only finitely many zeros) are dropped. To see this, let βR denote the Stone-Cech compactification of R and consider the space T = βR\R. It is well-known that T is a compact Hausdorff space in which no point is a G δ (see e.g., [9; p. 150, prob 112] ). A simple induction shows that no finite subset of T is a G δ . Thus each /e C(T) has an infinity of peak points (since the set of all peak points is a G δ ). By Urysohn's lemma there exists a nonzero geC{T) which has a zero. Thus G -span {g} is not Chebyshev, but for each / 6 C{T) and g 0^P o(f) t f -9o has infinitely many peak points.
